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Albrecht Diirer's Vier Biicher von Menschlicher Proportionen, posthumously published in 1528, is today catalogued
with manuals on "How to Draw the Human Figure" and is discussed in art history books almost only by title. Diirer's
studies in this work are also often seen as a somewhat misguided attempt to define human beauty in terms of ideal proportions, and
are thus connected with concepts going back to Vitruvius, Leonardo da Vinci, and others. The forward connection to
Lautensack, Putti, Topffer, Cozens, Daumier, etc., can best be followed in Gombrich (1977). The significance of Diirer's book seems
to me to be much greater. What is often not recognized is the connection of his proportionate studies to the subject currently
known in biology as allometry (Gould 1966). Several other connections of contemporary relevance can also be made.

In the work cited Diirer introduces illustrations of the human head in the three orthographic views familiar to us today from
elementary mechanical drawing. Superimposed on these illustrations are a series of perpendicular lines, drawn through identifiable
features forming, as it were, a rectangular coordinate system. Recall that this is considerably before the time of Rene
Descartes (1596-1660) and the spread of "Cartesian" coordinates or analytic geometry. Rectilinear grids were of course in
prior use as is evidenced, inter alia, by the archaeologic discovery of ancient towns with orthogonal street patterns and
construction grids in Egyptian drawings.

Diirer's mathematical bent is well known to art historians but almost all of the studies have concentrated on his use

Head by Durer, 1512, in orthographic
views with rectilinear lines defining position
of features.



of projective geometry and properly treat this within the early tradition of Alberti and other innovators of the
Renaissance. A very limited number of short papers describe and analyze Diirer's mathematical talents as represented
by his "measurement” book Underweysung der Messung... (1525). Especially emphasized is his work on
spirals and polygons. In these studies only minimal reference to, and no deep treatments of his Biicher von Menschlicher
Proportionen can be found. It is my contention that this work is even more important in the subtlety of its mathematical
ideas than is the "measurements" book. What Diirer does is to introduce a method of modifying figures, heads, and faces to obtain
deformed views of the originals. Some of these, when pushed to extremes, could become grotesque - Diirer warns
against this. And this was not his intent. He was studying human physionomy.
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Coordinate transformations by Albrecht Dﬁrer, circa 1524 (Strauss
1972) . Notice the rotated ears in line three.

From a modern point of view what Diirer did, especially in "book" three, was to introduce the method of coordinate
transformations, very similar to that used in D'Arcy Thompson's famous biological classic On Growth and Form (1917) and still
the subject of active mathematical and scientific research (Bookstein 1977, Fain 1975, Tobler 1977). This method allows us to
depart from the notion of idealized proportions and to study the variations of form which occur in nature. Diirer's coordinate




Scorpaena (Fig. 152) are easily derived by substituting a system
of triangular, or radial, co-ordinates for the rectangular ones in which
we had inscribed Polyprion. The very curious fish Antigonia capros,
an oceanic relative of our own boar-fish, conforms closely to the
peculiar deformation represented in Fig. 153.

Fig. 152. Scorpaena sp. Fig. 153. Antigoniz capros.

The method of coordinate transformations in
Biology (Thompson 1917).

transformations are all essentially two dimensional and, according to the literature, all fall into the class of affine or projective
transformations. The literature is in this instance clearly wrong and several of the transformations are non-linear, quite
subtle, and intriguing. One group consists of what appear to be separable or piecewise linear transformations and others appear
not to have been discussed in any mathematical literature at all. The name "Diirer Transforms" is proposed for
these. In general they are all continuous transformations and therefore can be studied by analytic methods that are
now well understood. Diirer of course did not describe his transformations by mathematical equations as would be
done today.

The more interesting of Diirer's proportionate studies deal with the human face. This allows yet another
connection to be made to modern research. There is currently interest on the part of psychologists on how people
recognize, distinguish, analyze, and remember faces (Daives et al 1981). Psychology as a field of course did not exist in
the sixteenth century, but ‘Diirer transforms’, with only a small extension of the actual methods used by Diirer, allow one



to devise experiments to test recognition, and to measure the amount by which faces differ from each other and thus to obtain
an indication of the similarity of two faces, or of one face at two different times. Francis Galton with his great interest in familial
resemblances would have been delighted, but he seems not to have known Diirer's work in this field. There are implications
beyond psychology too, in genetics and in criminology, where comparisons of faces occur.

The Proposed Studies

At this point what is needed is a careful examination of Diirer's proportionate drawings in order to rewrite them in equation form.
Preliminary study has indicated that this is feasible - and fascinating - but not simple. Some of the transformations turn out to be
mathematically very delicate. Diirer in one instance slightly rotates an ear. Rotation as such is not very complicated but this
is a local rotation and nearly everything, except the ear, stays fixed. The connecting tissue between the ear and the fixed
portions of the face must be allowed to change too but in a continuous manner that decreases in amount as one moves away
from the ear, and without tearing. The only comparable transformation given in mathematical form of which I am aware is that
of converting the dour DaVinci image into a smiling one by moving the edges of the mouth upward. The Soviet engineer
Fain needs to use the mathematical theory devised by S. Lie (1842-1899) to obtain this result. The movement applied by
Fain is a translation and is simpler than the to-be-analyzed rotation used by Diirer.
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A local coordinate transformation (Fain 1975).
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connections, with emphasis on relations to other activities in the 450 years since Diirer's time. To this end a modest
amount of additional bibliographic work is required.

The transformation equations, once specified, will allow this aspect of Diirer's work to be mimicked quite easily on a
graphics display device attached to a computer. Indeed, such a facility is a prerequisite for the work to be undertaken. But
the foregoing "quite easily" can be understood at several distinct levels. At one level it would be easy for a
mathematician/computer programmer to replicate specific effects achieved by Diirer, once the analysis is available. At
another level we can imagine an artist with a computer controlled "fun-house mirror" used to introduce either subtle or gross
distortions into an image, or attempting to warp one face so that it appears more similar to another. A computer facility which




would allow an artist to do this at a console, at a useful level of realism, and in a manner considered to be "quite easy" would in fact
be difficult to achieve today. The difficulty is rather deep, like trying to automate cartooning or the drawing of caricatures.
Diirer's work is relevant to such a task, but does not reach that level of analysis. However, a computer console and
display implemented at an intermediate level might be achieved without too great an investment and should make for an
attractive hands-on museum exhibit to be manipulated by children (or adults). How difficult'this would be depends in
part on the number of free parameters in the transformations. An additional benefit of the research would be to popularize
the method of coordinate transformations and thus bring it to the attention of potential users. A subsidiary effect would be to
reinforce the relevance of art and art history to contemporary life. Equally important the research would demonstrate the
value of mathematical study applied to objects not normally considered mathematical, and might help reduce the alleged
gulf between scientifically and artistically focused individuals, often considered a problem in our society.



Problem:
Find x”= f(x,y) y =g(x,y)

Such that* x7(0) =0 x"(1) =1 y’(0) =0 y’(1)

X7, 9y 20T 3yt ax”
9% >0 dy 0 J= % oy oy

Solution (preliminary):
One approximate solution is

x’= x + a, (2y-1) sin (k, Tx)

1
vyi=y + a, (2%x-1) sin (k,my)

oy~

X

Subject to lai| < 1/kiﬂ. For ki odd this is symmetric.

*The line tangent to the forehead and nose does not

satisfy these conditions; it is not a coordinate line.
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QUALIFICATIONS OF THE PRINCIPAL INVESTIGATOR

In addition to the items given on the attached vita, the following are noted:

BACKGROUND:
Cartography, Mathematics, Computer Graphics

Original training in geography with emphasis on cartography. Many artistic principles of design and drafting are used in
cartography and this has led to an appreciation of art as a general field. The subject of map projections, Dr. Tobler's speciality, requires
exactly the mathematics needed for the study of transformations of the type investigated by Diirer. Within the profession
Tobler is known as a ‘mathematical’ geographer.

In recent years cartography has been strongly influenced by computer technology, and Dr. Tobler has been a pioneer
in this field. He has been a member of the Special Interest Group on Graphics within the Association for Computing Machinery
almost from its inception.

LANGUAGES:
German, French, Russian

The German of 1500 is close to contemporary Swiss-German, which makes Diirer's original work easily accessible to Dr.
Tobler, who went to high school in Switzerland and is fluent in Schweitzer Deutsch. Should any significant works be found in
French this would not pose any problems either. Tobler's Russian is adequate to allow translation of the relevant sections of
Fain's work.

PREVIOUS PROJECT EXPERIENCE:

Dr. Tobler has been principal investigator on research projects funded by the Office of Naval Research,
National Aeronautics and Space Administration, and the National Science Foundation (totaling several thousands of
dollars), as well as several smaller studies, and has served as co-investigator on other projects. He has also directed
students in the completion of their Master's and Doctoral theses.



