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Bidimensional Regression †

Since its invention by Francis Galton in 1877 regression analysis has been found
useful in almost all disciplines. Comparison of geographic phenomena requires a
two-dimensional extension of this technique. In this manner geographic maps can
be compared with each other. Possible applications include geometric
comparison of ancient and modern maps, or of “mental” maps, or for rubber-
sheeting as used in Geographic Information Systems and in remote sensing. Other
applications, for example, in biology for the comparison of shapes of leaves, fish,
faces, or skulls after the manner of D’Arcy W Thompson are also possible, as are
higher-dimensional and multivariate cases. The method implements, and puts into
this new context, existing models from the field of cartography. The linear case
yields an easy definition of a Pearsonian-like correlation coefficient The
bidimensional case is richer in mathematical options than is the usual
unidimensional version. The curvilinear case is of even greater utility. Here the
regression coefficients constitute a spatially varying, but coordinate invariant,
second-order tensor field defined by the matrix of partial derivatives of the
transformation. This can be shown to be essentially equivalent to Tissot’s
Indicatrix, used in cartography to determine the properties of a map projection.
In a computer implementation a nonparametric approach allows visualization of
the regression by automatically plotting the pair of scatter diagrams, drawing of
the displacement field, differentiable smooth interpolation of the warped
coordinates and predicted image by a diagram of the principal strains, and with
contour maps of the estimated local angular, areal, and total distortion.

There are many situations in which it is of interest to compute the degree of resemblance
between two plane figures. Suppose we have pictures of the faces of two people, for example.
Can we measure the degree of similarity of these faces? Or of two signatures? Or of two leaves?
Or of two geographical maps? These questions are here approached by an analogy to regression
analysis, as practiced in elementary statistics. Bidimensional regression is an extension of
ordinary regression to the case in which both the independent and dependent variables are two-
dimensional.

The possible applications of this technique cover such a large range that the procedures should
become as well known, and as readily available, as the technique of simple regression. The
student who has mastered the art of curve fitting by least squares should have no difficulty with
the materials presented here. Mathematically the work can be considered an elementary
application of empirical differential geometry (although this aspect is not stressed), or as a study
of nonlinear transformations in two-dimensional Euclidean space. But the interest and focus are
on real objects worthy of study, and the transformations are defined by these empirical
consequences, rather than by abstract a priori properties. The biological and evolutionary
speculations so imaginatively presented by D’Arcy Thompson in his classic On Growth and
Form are probably the most famous realizations of transformations of the type under discussion.



But the proportionate studies of Albrecht Dürer must also be cited.
There is an obvious relation of the materials presented to canonical correlation, also not

stressed. Nor is anything said about multivariate bidimensional regression, nor about
bidimensional time series and growth patterns, nor is there reference to weighted least squares.
And the treatment is deterministic, without significance tests. Extension to tridimensional
regression is trivial, except for some display problems. And even these are not severe, given the
observations. But not-Euclidean manifolds could be considered, as could general curvilinear
coordinates; a treatment using the algebra of tensors would then be appropriate and is in fact
practiced in the closely related field of continuum mechanics. Why then, given all these
possibilities, is the treatment restricted to using only a few theorems from cartography? There is,
of course, the professional interest in the study of ancient maps, and in the measurement of the
distortions contained in “mental maps,” but all of the foregoing possibilities are equally relevant
there.

An objective is to stress a point of view, namely, that empirical two-dimensional
transformations can be used much more effectively than other existing methods to study
problems of shape change or growth. Obscuring this point with all of the rich detail that is
possible is not appropriate. As an example, consider the current geometrical methods for the
comparison of biological forms (skulls, crabs, etc.). Most frequently they are based on the
measurement of attributes like the length and breadth of the object, and similar distances
between landmarks. Each of these measures is in turn used to assign a coefficient on an attribute
scale. The entire form then becomes a point in multivariate attribute space, generally assumed
Euclidean in nature. The distance between points in this space is taken to be an inverse measure
of the similarity of the original objects. But suppose one knows the physical distances between
all landmarks on the form. Then it is possible to convert these into a list of Cartesian coordinates,
and thus to specify the configuration of the form. How much simpler it is to measure the
similarity between the objects by the magnitude of the transformation that is required to carry the
one form onto the other. This is what bidimensional regression does. And it is based directly on
the coordinates of the landmarks. And it gives more detail on where the difference between the
forms it to be found. One doesn’t even need matrix algebra to understand it, though it helps. An
indictment of phase space methods is not intended, but most multivariate morphometrics is not
thermodynamic in its use of attribute spaces. Fortunately bidimensional regression yields results
that are independent of the particular coordinate system chosen, so that one does not even have
to worry about this detail. As in ordinary regression it is a simple matter to define a
bidimensional correlation coefficient relating two plane configurations, and also higher-order
correlations. Thus all of the methods based on correlation matrices become available for the
comparison of sets of forms. None of this is particularly exciting, or novel, from a mathematical
point of view. But the applications need to be developed, and more widely distributed and
understood. For advanced work one of course wants to consider all the stochastic and other
ramifications.

THE REGRESSION ANALOGY

For unidimensional regression one has an independent variable X and a dependent variable Y
and each consists of N numbers:

X Y



x1 y1

x2 y2

x3 y3
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. .

xn yn

Every x is associated with a particular y and we can construct a scatter diagram
relating the two:

The objective is now to relate Y to X by a function Y* = f (X) in such a manner that the mapping
X —> Y* is as nearly as possible, the same as the observed
association X —> Y.

In particular we wish to be able to assign a y* when given a value of x when there was no
observation at that location, or when there were several ys observed at that location, or when we
suspect that the y measured at that location contains an error. Or we would like to know the
general rate of change of y with respect to x given only discrete observations, or would like to
know a most probable value for y when given an x. “As nearly as possible” is usually taken to
mean that we minimize



In order to find this minimum we must choose a model by deciding on a relation to be used for
f(x). The degree of success is measured by the ratio

In effect it indicates how much better is our estimate of y* than would be the guess using the
average y-bar of the Y observations no matter what is the value of X.

In the bidimensional case one has an independent variable Z and a dependent variable W and
each consists of N pairs of numbers:

Z W

x1y1

x1y1
u1v1

x2y2 u2v2

x3y3 u3v3

. .

. .
xnyn unvn

Every x, y is associated with particular u, v and we can construct a scatter diagram relating the
two:

or, although misleading since the origin is arbitrary:



The objective is now to relate W to Z by a function W* = f (Z) in such a manner that the
mapping Z —> W* is, as nearly as possible, the same as the observed association Z —> W.

In particular we wish to be able to assign a W* when given a value of Z when there was no
observation at that location, or when there were several u, v observed at that location, or when
we suspect that the u, v measured at that location contain an error. Or we would like to know the
general rate of change of u, v with respect to x, y when given only discrete observations, or
would like to know a most probable u, v when given an x, y.

As nearly as possible is usually taken to mean that we minimize

In order to find this minimum we must choose a model by deciding on a relation to be used for f
(Z). The degree of success is measured by the ratio



In effect it indicates how much better is our estimate u*, v* than would be the guess using the
average u-bar, v-bar of the observations W.

In the bidimensional case each variable has two components. Thus the mapping Z —> W is
equivalent to (x, y) —> (u, v) but would most commonly be written as two separate real
functions:

u = f (x, y)
v = g (x, y).

Linear Models

As usual we begin with linear functions. There are three different mappings that can be called
linear. These are, in order of the number of free parameters, the Euclidean transformation

the affine transformation

and the projective transformation

The geometrical meaning of linearity is that straight lines in the original are also straight lines in
the image.

Derivation of the least squares Euclidean transformation (a Helmert transformation in the
geodetic literature) is most easily effected using complex variables. The multivariate



bidimensional regression may in this case be written as

W = α + βZ1 + γZ2 + δZ3 + . . .

where W = u + iv, Zq = xq + iyq, α = α1 + iα2, β = β1 + iβ2, etc., and i2 = -1. Let W* = u - iv. Then
the least squares problem becomes one of finding the constants α, β, γ, and δ so that the residual 

becomes a minimum. The normal equations are derived in the usual fashion, and are given for
three independent bidimensional variables and one dependent bidimensional variable in Figure 1.

One might let W represent coordinate land marks on a child’s face, and Z1 and Z2 represent
landmarks on the parents’ faces. We thus have a way of calibrating the geometry of an offspring
as a weighted linear combination of the geometry of the parents. Galton would be delighted! Or
W, Z1, Z2, Z3, could be geometrical positions at four distinct times, that is, one could postulate
that an old map has three precedents and it is desired to calibrate the relation by computing the α, 
β, γ, and δ. Thus W = Σ3

q=0 CqZq represents a bidimensional linear time series model.
In the present instance we are concerned only with the univariate bidimensional case. The

normal equations are given by the first four (unshaded) rows of Figure 1, in real form. The
Euclidean transformation is given by this model. As is well known, it consists of a translation to
bring the mean locations into coincidence, a rotation to principal axes by an angle θ about this 
location, and a uniform change of scale, all of which bring the dependent and independent
variables into the best coincidence possible using a rigid motion. The manual equivalent is
superimpositioning with enlargement or reduction of one image. Under some circumstances it
may be desirable to delete the change of scale, or of origin, and then slightly different normal
equations must be derived. The constant “slope” of the regression is (β2

11 + β2
12)

1/2, and the
correlation coefficient is as was given above. The slope tells one how much change is expected
in W when given a specific change in Z.

The least squares affine model would normally be used only in circumstances that call for an
unequal change of scale in two different directions. The average regression “slope” is still (β11β22



– β12β21)
1/2 but this is misleading because the rate of change of W with changes in Z is now

different in different directions. One can no longer ask for the account of change in W given a
change in Z but must ask what is the change in W when given a change in Z in a particular
direction. The situation is still fairly simple, however, because changes in W do not depend on
where Z is located, only on the direction.

NONLINEAR MODELS

The importance of the affine model is mostly in its relation to the more complicated curvilinear
transformation. Specifically, any differentiable transformation Z —>W can be approximated
locally by a translationless affine transformation

Thus the matrix of the linear case becomes the matrix

of the nonlinear case, or, in words, every nonlinear transformation is treated as a conjunction of
infinitely many local transformations. The eigenvectors and eigenvalues of the coefficient matrix
become important in analyzing the transformation. The regression “slope” depends on where Z is
located and on the direction dx, dy of change. The theorems of Tissot (1881) are now very
useful. The main results are that any infinitesimal circle in the original Z becomes an
infinitesimal ellipse in the image W. That is, the radius of any infinitesimal circle is stretched by
different amounts in different directions, and these amounts depend on where the circle is in the
original, but there is a maximum stretching and a minimum stretching, and a smooth variation
between these two. Importantly the maximum and minimum occur at right angles to each other,
both in the original and in the image. We can thus construct a particular system of orthogonal
coordinates in the original and these then correspond to a set of orthogonal coordinates in the
image. And there is only one pair of orthogonal coordinates having this relation between the
image W and the original Z. The subroutine STRECH computes the principal axes of Tissot’s
indicatrix and the program can draw these axes, or draw the ellipses, or both, appropriately



scaled, on either the original or the image.
If the transformation is Euclidean the ellipses will all be of zero eccentricity, that is, circles and

of constant size. If it is affine they will be of constant shape, size, and orientation. If it is
projective they will be ellipses, whose shape, size, and orientation varies systematically away
from the viewing point. If the transformation is curvilinear and equal area the eccentricity and
orientation of the ellipses will change from place to place, but their area does not. If it is
curvilinear and conformal the circles will go into circles, but their sizes will change from place to
place. In the most general case the ellipses are everywhere different in shape, size, and
orientation. Thus we can infer properties of the transformation by examination of the ellipses, or,
of course, from the eigenfunctions used to compute the ellipses. Especially important are local
length changes (stretchings of the radii of the infinitesimal circle), and deformation of angles and
areas. In the curvilinear case the eigenfunctions depend on the partial derivatives of the
transformation. Thus we require that the model chosen to fit the observational data must be
differentiable.

FITTING CURVILINEAR TRANSFORMATIONS

The mapping (x, y) —> (u, v) can be approximated by a large variety of curvilinear models.
The fitting presented here uses u* + iv* = f (x, y) + i g (x, y), where i2 = -1 and the circumflex
denotes an estimate. The functions f and g are to be chosen so that the difference between the
estimates and the actual observations is as small as possible. By separating the real and
imaginary parts of the equation the mapping can be written as two bivariate real functions u* = f
(x, y) and v* = g (x, y). These functions, f and g, are not independent. For the mapping to be one-
to-one, it must satisfy

Thus, when the mapping is formulated in least squares terms we minimize

subject to J > 0. In this statement, use has been made of the partial derivatives of the mapping. It
is therefore already implicit that some continuity and differentiability properties are required.
And the bidimensional regression coefficients, as strain tensors, are computed as the
eigenfunctions of the matrix of partial derivatives of the mapping. A necessary stipulation
therefore is that the mapping and its derivatives be smooth, in a sense to be defined. One would



now like to simplify the problem further by invoking some theoretical insight in order to select
from the set of all possible curvilinear models. Lacking such insight we can still reject some
classes of models in order to simplify the selection problem.

An elementary curvilinear model might use the pair of bivariate algebraic polynomials:

The main advantage of this model is its simplicity and generality. The model is differentiable,
and can always fit the observations exactly, given a sufficiently high order. The disadvantages
are equally well known, and include unrealistic oscillations in areas lacking data, and a difficulty
in providing a substantive interpretation for the numerical coefficients. A minor, but practical,
problem is the numerical instability, largely due to rounding errors, encountered in estimating the
coefficients of high-order models. All of these difficulties occur in one-dimensional data and are
severely compounded in higher dimensions. In the cases of concern here the observations are
randomly scattered in a plane and thus the difficulties are compounded even further. There is
also no coupling between the estimates for u* and v* in this model, thus there is no assurance
that J > 0. Similar comments would apply to trigonometric polynomials, exponentials, Walsh
functions, or other global models. Thus such models are rejected. Clearly there are some
situations in which low-order polynomials, for example, bivariate quadratics or cubics, would
provide useful approximations, and they have been used for this purpose by Sneath (1967). But
they are not adequate for the present purpose.

Another apparently attractive model is of the form u* + iv* = f (x + iy), where f is an analytic
function. Thus the complex polynomial

is an obvious choice and gives an appealingly smooth mapping. There is now a strong relation
between u* and v*. It is in fact too strong, and defines a conformal mapping. From a scientific
point of view it is more reasonable to let the data speak for themselves. Thus one would like to
test the hypothesis that the data are reasonably suggestive of a conformal relation. There is no
value in an a priori assumption of conformality. As with real polynomials there are occasionally
instances in which a quadratic or cubic complex polynomial is a plausible choice. But it again
does not generally give an adequate fit to the data.

INTERPOLATION

Having thus chosen to use a local, rather than an a priori global, model, there still remain many
possible curvilinear fittings. The choices are now to be made from the set of empirical double
bivariate interpolations, from observations randomly scattered in a two space, with a restraint on
the Jacobian of the mapping function and a smoothness requirement on the derivatives. The
literature on interpolation of two-dimensional scalar fields is very large, and has been reviewed
repeatedly, for example, Cram (1970), Lawson (1978), Schumaker (1976), Schut (1976). Much
less is available on interpolating bivariate mappings.



One approach to the scalar interpolation problem is to assign blended patches of simple
mathematical functions, fitted on a local basis. The best of these spline surfaces, for scattered
spatial data, is described by Knudson and Nagy (1974). It would serve rather well for the present
purpose and includes provision for observational variances when these are known (or can be
estimated), but was not available in time to be used here. A stochastic approach, incorporating a
spatial extension of the statistical interpolation scheme, is advocated for a similar purpose in
geodesy and photogrammetry, under the name of collocation, and in geology as Kriging and also
in the theory of regionalized variables. After assuming a particular covariance or variogram
strncture one can use this theory to construct an “optimal” interpolation. Optimal here means
minimization of the mean square interpolation error, contingent upon the assumed covariance
structure. An attractive feature of the method is that it filters the observations and gives an
estimate of the “noise” at each observation point, and of the interpolation error field. The main
difficulty lies in the inadequacies of the procedures for estimating the covariance structure from
the scattered observations, especially when the data are not spatially homogeneous, or stationary
in the statistical sense. The alternate approach actually adopted here is also a least squares model
and is optimal with respect to smoothness rather than to a covariance structure.

Another possible tack is to construct a triangulation, with the observations at the vertices of the
triangles. A smooth surface, with smooth derivatives, can be constructed on such a basis. The
main difficulty is that an upper bound on the number of topologically possible triangulations is
(Brown 1965)

where B is the number of points in the convex hull and I is the number of interior points.
Additional criteria are therefore required in order to pick a particular triangulation from this large
set of possible triangulations. Several “optimal” criteria have been proposed, some of which have
recently been shown to be equivalent (Lawson 1972). Unfortunately one of the natural criteria
leads to an N-P complete problem. And the sensitivity of interpolation results to alternate
triangulations has not been studied. The triangulation-based interpolation schemes, as published,
also do not allow any variance in the observations. This limitation is not inherent in the method,
but appears in the implementations. All interpolation schemes, including those based on a
triangulation, can invariably be improved by additional substantive knowledge, but this is usually
particularistic by field.

The method finally adopted begins by positioning a square lattice of equally spaced mesh
points over the region of concern. The rectangular frame for this mesh extends approximately 5
percent beyond the area actually covered by the observations. This is a standard approach. The
problem is now to assign values to the nodes of the mesh. Once this has been done for both u* =
f (x, y) and v* = g (x, y) one then uses linear interpolation to assign values at points interior to
each square of the mesh. Then the mapping function (x, y) —> (u*, v*) is defined everywhere
within a frame slightly larger than the convex hull containing the observations. If the estimates
u* and v* are determined independently of each other, the Jacobian determinant may pass
through zero.

There is virtually no discussion of methods for choosing an appropriate size for the mesh in
any of the literature reviewed. But the sampling theorem suggests that this must be smaller than
one-half the size of the smallest feature to be detected. An estimate of this smallest feature is



obtainable by considering the highest degree of trigonometric polynomial that could be
calibrated from the data. This degree cannot exceed the number, n, of observations. In K
dimensions the effective number of observations is the Kth root of n. Thus an upper bound on the
size of the mesh interval should be the Kth root of the volume of space dominated by each
observation. In two dimensions this becomes, approximately, Δy = Δx  (area/n)1/2, which has
units of length per effective observation. It is not efficient to stray too far from this value but the
spatial arrangement of the observations may exhibit clustering so that the exact limit is too lax. A
lattice spacing that is two-thirds of the foregoing limit has been found effective when the
observations lie within a square region. It is always possible to arrange that the data lie on an
orthogonal but irregularly spaced n-by-n mesh, with observations at n nodes, leaving n2 - n nodes
for which estimates must be assigned, but this is practicable only for small n, small being defined
by the size of one’s computer. Since this is not the method used here, a more complete
description of this alternative is omitted. The 2/3 (area /n)1/2 rule is used in most of the present
examples.

The assignment of estimates u* (or v*) to the nodes of the mesh can still be done in a large
variety of ways, including the collocation and splining techniques cited above, and others cited in
the literature. The particular method chosen assigns values by solving a partial differential
equation, tuned to the observations in a manner to be described shortly. This particular choice
was made in order to obtain a smoothly differentiable mapping. Once values are assigned to the
nodes of the mesh, these numbers, along with bivariate linear interpolation, define the mapping
function. No explicit equation exists, nor is one calibrated by estimating coefficients. The only
parameters in this curvilinear model are the mesh size, the numerical quantities at the nodes, and
the boundary assignment.

The lattice-tuning procedure consists of two parts. The first part constrains the estimates to
agree, as nearly as possible, with the observations. The second part specifies the smoothness
function. These two parts are applied cyclically in an iterative fashion. To understand how this
tuning works, consider a single observation contained inside of a cell of the mesh. Assume some
(any) numerical values at the four nodes of this cell. Use these four values to compute (by linear
interpolation) an estimate at the same location as the observation. The numerical value of this
estimate will, with probability one, differ from the numerical value of the actual observation.
Suppose that the estimate is too low. Then it can be improved by changing (raising) one or more
of the four values at the nodes of the surrounding mesh. In particular they can all four be chosen
so that the linear re-interpolation will yield a value that agrees exactly with the observed value.
But there are an infinite number of ways in which this can be done. Thus there is freedom to
choose the values at the nodes of the mesh to satisfy some further objective. The criterion chosen
is to desire that the numerical value assigned to each node should, as nearly as possible, be equal
to a weighted average of the values assigned to the neighboring nodes. This target is initially
somewhat elusive since the numeric value assigned to the nodes changes during the
computations to accommodate both the observations and the neighboring values. But the process
is stable and converges to a fixed numerical value at each node.

Nodes that are associated with cells lacking observational points must be treated differently.
Estimates can be made at these locations since the connectivity of the lattice points to each other
is known. It is this lack of knowledge and lack of uniqueness of adjacencies that makes
interpolation from randomly scattered observations difficult. Thus the nodes tuned to the
observation act as constraints on the unconstrained ones. This may be visualized as follows.
After an initial assignment has been made for each mesh point, replace this number by the value



that it would receive by interpolation from its immediate neighbor. Do this in some regular
sequence so that after an interpolation is made at one point this interpolated value is used to
interpolate the value at the neighboring point. In this manner every point affects its neighbors,
and is affected by them. This bootstrap operation pulls along all of the values to which it is
applied. After passing over the array in this manner several times, a stable situation will have
been reached in which the interpolated value at a point is sensibly the same as the value obtained
on the previous pass. Neighboring nodes will then have values that are similar, and it is time to
stop. The actual observations in this process are fixed points that affect the neighboring nodes,
but that are not affected by them.

When there is more than one observation in a cell of the mesh, a perfect fit to the data cannot
normally be achieved. To choose a mesh sufficiently fine so that this never occurs is usually
impractical. The residual error must be balanced against computational cost. The initial guess
from which one starts the iterations is not critical. Nor is it crucial whether linear or curvilinear
interpolation is used within the mesh, recognizing of course that any method of interpolation is a
hypothesis about nature that may or may not be true. The choice of the target function more
fundamentally affects the solution.

A smooth function, intuitively, is one that has few oscillations (neighboring points have similar
values) or is one that has a small rate of change in all directions (its partial derivatives are small).
Thus it is natural to minimize the sum of the squares of the partial derivatives

and the solution (Kantorovich and Krylov 1958, p. 246 et seq.) to this least squares problem is a
pair of Laplace Equations

The well-known finite difference approximation is to require that the value at any mesh point
equal the average of its neighbors,

An even stronger requirement is that some derivative be the average of its neighbors

In this equation one substitutes the finite approximation to the derivative



and, after some tedious but simple algebra and setting Δx ≡ 1, obtains as the condition that 

This is a finite difference approximation to the biharmonic equation, and can also be derived as a
minimization of the linearized version of the curvature function (Aleksandrov, Kolmogorov, and
Lavent’ev 1969; Briggs 1974; Weinstock 1974). In the present context this equation defines the
target that we would like to satisfy at every mesh point.

Consider first a one-dimensional version in which an observation lies along the coordinate line
between two mesh points Δx units apart: 

Let u0 and u1 be the desired target values, obtained by averaging from neighboring mesh points.
Linear interpolation from u0 to u1 does not pass through the observation u at x. Now draw a
straight line through u to intersect the coordinate lines x0 and x1 at u’0 and u’1 (not shown). The
line through u can be tilted up and down on this point, somewhat like a see-saw, and u’0 and u’1

can be varied. Let Δ0 = u0 - u’0 and Δ1 = u1 - u’1. These two variables are related to each other; as
one goes up the other goes down when we pivot about u. A little algebra shows that the relation
is linear, Δ0 = A + BΔ1. One would now like to come as close to the target as possible, while
passing through u. This is achieved by minimizing the sum Δ2

0 + Δ2
1 = ε2, that is, setting ∂ε2/∂∆1

= 0. The rest is a straightforward matter of calculus. The two-dimensional situation is essentially
the same but requires linear interpolation from the four surrounding mesh points, and
minimization of the sum of the squared departures from the four target values. The algebra is
simple but dreary; it took me forty hours to derive the equations used. The values obtained on



each pass influence the targets assigned to the neighboring points, and convergence to smooth
derivatives and a good fit to the data are assured, when using an appropriate mesh size. The
iterations are applied to obtain u* = f (x, y) and to obtain v* = g (x, y) separately. Southwell
(1956) gives equations in a “two-diagram technique” in which the finite differences for u* and
v* are coupled to each other in a biharmonic solution. His relation between u* and v* is derived
from the compatibility condition for elastic strain. When programmed, his technique yielded
solutions that did not differ from those obtained by the current method. Both allow smooth folds
in the mapping (J passes through zero smoothly) and the result is not always monotonic. A
linearly monotonic mapping can be defined as one that leaves unchanged the orientation of all
triangles when converted from the original plane to the image plane. In the present context some
of the displacement vectors cross each other and a monotonic mapping is incompatible with data
fidelity. Thus a choice must be made between these two objectives. Fain (1975) presents an
interesting procedure that avoids multivaluedness in his mappings.

The curvilinear target-fitting procedure is described above as the solution of an elliptic partial
differential equation. In order to solve such an equation it is necessary to specify boundary
conditions. In the present instance a Neumann condition is used, with ∂u*/∂x = β along the left 
and right edges of the frame, and ∂u*/∂y = γ along the bottom and top edges. These values are 
obtained from the linear least squares plane u = α + βx + γy, fit to the entire set of observations. 
Similar normal derivatives are used in estimating v*. In retrospect this is not a particularly
felicitous choice. A better procedure might be to require that ∂u*/∂n = 0 along the boundary of 
the convex hull of the observations. In this respect the method of Bookstein (1977) is an
improvement. Alternately a specification might be made from the outer two convex hulls of the
data.

EXAMPLES

The first example uses measurements made on a large facsimile of a fourteenth-century map
(Parsons 1958). A crude reproduction of the original is given in Figure 2. The coordinate values
were obtained as a student project in 1966, with modern latitudes and longitudes from atlases
(Table 1). In this particular case many additional towns can be identified, and landmarks along
the outline could have been included. A manual interpolation of the terrestrial graticule has been



constructed by J. Reyer, and is included here for comparison. (Figure 3). The Orkneys should
obviously be considered an inset, and not interpreted as continuously connected to the main body
of the map.

TABLE 1
Spherical and Plane Coordinates for a Selection of Points on the Gough Map
Latitude* Longitude* X Coord.** Y Coord.** Town
58.43 —3.12 6.7 38.1 Wick
57.17 —2.08 8.9 32.5 Aberdeen
56.47 —3.03 8.8 28.5 Dundee
56.47 —3.33 7.2 28.2 Scone
55.88 —4.17 5.1 26.0 Glasgow
56.43 —3.50 5.2 28.3 Dunkeld
55.88 —3.00 7.7 24.1 Newbattle
55.37 —4.55 4.5 23.8 Ayr
55.28 — 1.72 9.9 21.8 Alnwick
55.42 —2.77 7.0 21.2 Hawick
54.83 —2.12 9.5 19.5 Hexham
54.70 —2.43 9.0 18.7 Alston
54.53 —3.53 5.9 18.9 Workington
53.41 —3.00 7.7 13.6 Liverpool
53.18 —4.53 4.2 14.4 Aberifraw
52.83 —4.30 3.0 11.5 Criccieth
52.40 —0.87 12.8 9.8 Market Harborough
51.68 — 1.03 13.6 7.1 Thame
52.08 —2.22 10.2 7.9 Worcester
51.45 —2.57 10.1 4.7 Bristol
51.68 0.37 17.2 7.8 Chemsford
51.10 1.22 19.9 5.7 Dover
50.78 0.30 16.5 3.4 Shoreham-by-Sea
50.63 — 1.30 14.1 2.1 Newport
50.62 —3.50 7.5 1.8 Exeter
51.37 —3.13 8.3 4.9 Cardiff
50.28 —4.13 5.5 0.5 Plymouth
50.05 —5.45 0.9 0.5 Penzance
51.82 —4.83 3.1 4.8 Haverfordwest
52.60 1.08 18.3 12.0 Norwich
52.92 0.05 14.6 12.6 Boston
53.38 — 1.45 11.0 12.9 Sheffield
52.27 —2.68 8.2 8.5 Ludlow
53.62 0.03 14.4 15.5 Patrington
53.83 — 1.55 10.9 14.4 Leeds
57.87 —4.08 7.7 37.3 Dornoch
57.45 —4.28 9.0 33.7 Inverness

* In decimal degrees; **in inches.



Coastal Outline Longitude, Latitude for 14 points: —3.57, 50.0; 0.87, 50.8; 1.09. 52.6; —
1.55. 56.1; —0.81. 57.6; —2.36. 57.8; —1.86, 58.6; —3.10, 58.6; —3.72. 56.8; — 1.86, 53.5; —
2.85, 53.4; —3.29. 51,6; —2.36. 51.3; —3.57, 50.0

In a computer analysis one can convert the latitudes and longitudes to kilometers on a map
projection,

with ∆φ = φ – φ0 , Δλ = λ – λ0 ,  φ0 =  53.68°N,   λ0 = 2.46°W, based on a sphere
of 6,385-kilometer radius. The least squares estimate of the relation between the coordinates is



then

with a root mean square error of 39.644 kilometers for a correlation of r2 = 96.12%. The scale
change is from kilometers to inches, 0.041034, and there is a minor rotation of 0.04543 degrees.
If the map projection conversion is not applied, relation between the coordinates is

with an r2 of 84.96% and a RMSE of 0.8061 degrees. The scale change is 4.1577, and the
rotation is - 3.27 degrees. Using a lattice of eleven rows by ten columns, the nonlinear fitting
procedure estimates the thirty-seven observations with a residual interpolation RMSE of 0.1477
degrees; this is an 82 percent reduction from the original RMSE. A conservative estimate of the
amount of “explanation” is 96.64 percent. In terms of the deviation-from-the-mean-explained the
r2 = 99.71 percent. The RMSE could be reduced further by using a finer lattice.

The residual difference between the images is shown in the first computer drawing (Figure 4),
made after the sets of data have been scaled and rotated to give the best L2 fit, and positioned so
that their averages coincide. Another way of illustrating the relation between the two sets of
coordinates is via “before” and “after” triangulations, shown next in Figure 5. The result of the
nonlinear fitting designed to describe the differences between the images is given in Figure 6, in
the form of interpolation vectors. Figure 7 shows the nonlinear transformation by a warped grid
with the interpolated coastal outline superimposed. The strain tensor is shown for a 23-by-20
lattice.





The analysis has quickly found two misplaced towns, Dornock and Inverness. These cause the
overlap warp in the northern part of the map. Recomputing without them is illustrated in Figures
8 and 9, which follow. They are distinguished by N = 35. There are now only five violations of
the piecewise linear monotonicity as defined by the triangulation (instead of nine), and the
Jacobian determinant is now everywhere positive. The interpolation Tables 2 and 3 give the
functions. On the basis of these data, several measures of the total distortion are available. The
maximum value of stretching, as measured by Tissot’s indicatrix, is 1.4435; the minimum is
0.6975, with the average values of the indicatrix axes being a = 1.2289, b = 1.0829. The sum of
the squares of the partial derivatives, taken over all of the 110 lattice points is 195.853, in units
of length squared; dividing by 110 yields 1.7805 and the square root of this value is 1.3343, in
tolerable agreement with the value obtained from Tissot’s indicatrix. The triangulation requires
144.982 units of length (degrees) for its total connections before the transformation and only
134.984 afterwards. Thus the lengths are only 93 percent of their original values



(neglecting the spherical shape of the earth). This result, which indicates an overall shrinking, is
a direct contradiction to the values obtained from Tissot’s indicatrix. The reason is clearly
because the triangulation is based directly on the observations; the partial derivatives are
estimates and are evaluated at each of the lattice points, 64 percent of which are extrapolations
outside of Great Britain, where there are no observations. It is obvious which is the better
measure in this instance. The interpolation tables shown have a maximum distance error of 0.4
degrees, and a RMSE of 0.1452 degrees.



The second example uses data collected by E. Franckowiak (1973) in the city of Toledo, Ohio
(Figure 10). The displacement vectors are the difference between the true location of stores, and
their estimated locations, averaged over 345 people. The warped grid, principal axes and
distortion tensor are also shown. The principal axes form an orthogonal grid and this bears some
resemblance to the arterial street pattern in Toledo. Monotonicity violations are again observed
in the original data, and the final curvilinear correlation is only 70 percent.

The growth of tobacco leaf has been studied carefully by Avery (1933) and his data were
further examined by Richards and Kavanagh (1945). For comparability these data have again
been used, with results (some of which are new) in pictorial form (Figure 11). The change in
form due to growth is illustrated by displacements and by a warped grid. The growth of this leaf
can almost be represented exactly by an affine transformation, r2 = 92%, and thus seems very
simple, if the assumption that it is a mathematical continuum without biological cells can be
tolerated. Clearly such an assumption can only be invoked after the leaf reaches some minimum
size. The deformed rectangular coordinates seem to serve nicely, and Avery actually drew such a
system on a growing leaf. But it has been suggested (Tobler 1963) that Avery should have used a
coordinate system that corresponds more closely to the actual geometry of the growing leaf. One
coordinate should be parallel to the edge of the leaf and the other coordinate should be at right
angles to this and lie along the lines of growth. The lines that remain orthogonal after an arbitrary
continuous transformation are the axes of Tissot’s indicatrix, and these form the natural
coordinate system. The program has drawn these axes on both the grown leaf and on the small
leaf. The length of the axes in each instance is what they would be if they were of unit size in the
opposite image, and thus they show the relative amount of linear exaggeration in the principal

Displacement Warped Principal Tissot’s indicatrix
Vectors Grid Axes



Fig. 11. Tobacco Leaf Growth. Data from Avery (1933)

directions at each position on the leaf. The only possible postulate is that the lines of growth lie
along the major axis of the indicatrix, and that this would hold for other biological forms, and in
three dimensions as well. Diagrammed as contours is the sum of the squares of the partial
derivatives of the transformation at each point of the leaf. The volume under this surface can be
computed to assign a single numerical value to the entire transformation and this can be taken as
one representation of the total amount of effort required to change the one form into the other.
The natural question to ask is whether this number can be related to the biological or chemical
energy requirements for the growth of the leaf. These contours may be compared to those
previously derived in the literature. This is such a simple transformation that the curvilinear
fitting is essentially perfect.

Another biological example of bidimensional regression, using data employed by Sneath
(1967) is shown in Figure 12. The biological significance of the illustration is beyond my
provenance. A linear interpolation of outline skulls intermediate between Australopithecus and
Homo is also shown.



Finally Figure 13 presents a comparison of two sketches drawn and kindly lent by Leo
Goodman. It is not difficult to identify several corresponding points, and size differences are
easily eliminated. But the two people are seen at different angles and from different perspectives.
It will be noticed that the predicted face, shown as dashed lines along with the warped grid, is not
identical with the target face; the r2 = 91%. Even at the data points there is some slight
discrepancy; look at the left end of the left eyebrow, and at the ears. And there are lines
transformed from the original that were not in the target, for example, at the right edge of the
mouth. In part these differences stem from deficiencies in the interpolation procedure. In part
they are due to inadequate quantities of identifiable point pairs. Some are due to the continuous
nature of the transformation relative to the different perspectives, that is, topological differences.
Judicious use of interactive computer graphics would allow some of these difficulties to be
overcome very easily.



APPENDIX

A computer program has been prepared that performs an empirical transformation regressing
an independent plane configuration against a similar dependent configuration as described in the
text and illustrated in Figure 14. The program constructs the mapping by estimating two bivariate
tables, with arguments on a square lattice interpolated from the irregularly arranged original
observations. The tables are constructed so that the transformation has smooth derivatives and so
as to agree, as nearly as possible, with the empirical data. The curvilinear regression coefficients
are represented by a spatially varying, but coordinate invariant, second-order tensor field. The
program has an option to draw this field. The bidimensional regression can automatically be
illustrated by a warped coordinate grid, by comparison of the original configuration and the
regression estimate, by a field of displacement vectors, by a diagram of the principal strains, and
by contour maps. Intermediate configurations and extrapolations are also available.
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Editorial Preface to Tobler’s “Bidimensional Regression”

The preceding article is a portion of a 1977 discussion paper by the same title, published by
the Department of Geography, University of California at Santa Barbara, that was accompanied
by a bidimensional regression computer program. Both the paper and the program were authored
by Professor Tobler. The text published here reproduces the theoretical and applications sections
of the discussion paper with minor changes in the abstract and in the sentences that make direct
reference to the computer program.

I have been aware of Professor Tobler’s work in this area since before his discussion paper
was published. Some time ago, I asked him to submit the paper for possible publication in
Geographical Analysis, and he kindly obliged. During the review process, I became convinced
that it was useful to publish segments of the 1977 text with minimal modifications. Some
pertinent additional references that materialized during the course of the review process and
others forwarded to me by Dr. Tobler are appended to this note.

Professor Tobler kindly agreed to provide at cost, for IBM-compatible PCs, a disk with the
bidimensional regression computer program and with full use instructions. Interested parties
should address their requests to Dr. Waldo Tobler, Department of Geography, University of
California, Santa Barbara, CA 93106-4060.

I am confident that this paper will call attention to the bidimensional regressions that in my
perception are especially well suited to a wide class of geographical analyses, and I am looking
forward to receiving submissions to Geographical Analysis that pursue research themes in this
general area
EMJLIO CASETTI
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