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A3STRACT

4 set of simple rules allows the problem of aggregating n zones into m regions to be
represented in the form of a combinatorial tree. A branch and bound algorithm is described
for searching this tree given a suitable structuring of the zone boundary network as a set
of edge records with pointers, The performance of the algorithm on highly bounded

tlectoral districting problems is compared to that of other methods in the literature.

{STRODUCTION

Gosider a set of n contiguous zones, defined spatially by a boundary network of edges and
wrtices. The problem considered is that of exhaustively partitioning the n zones into a

 yrescribed number of regions or electoral districts. We define an m—partition as a

nrtitioning into exactly m regions., In general the number of possible m—partitionms,
Nz2,m), depends on the specific arrangement of zones and simple expressions exist only for
1 few special cases. Cliff and Haggett (1) give expressions for two highly symmetrical
srrangements, first with every zone in contact with every other zone, and second, with all
v wones arranged contiguously in a ring so that each one is adjacent to exactly two
wighbours,

s the electoral districting case, and in other forms of region-building as well, there
vill be constraints which further limit the number of feasible partitions. Often the set
%1l be constrained by some combination of upper and lower bounds on the total population
o each region, or by bounds on total area or shape. For the purpose of this paper the
#scussion will be restricted to population bounds, but others could be added by simple
witension. We write the number of feasible partitions which satisfy the constraints as
Ha,e) ¢ P(n,m).

The problem considered in this paper is that of finding all F(n,m) feasible solutions
efficiently. Perhaps the earliest attempt at a complete enumeration was by Garfinckel and
Sezhauser (2), who used a two-stage algorithm. They assumed that each region would be
teastrained by upper bounds on population and on a dimensionless measure of compactness,
Is addition an exclusion matrix would be provided to prevent certain pairs of zones from
wing members of the same district. This matrix can clearly have a marked effect on the
«#ficiency of the algorithm, but it would be difficult to generate one in practice without
teaning the risk of excluding otherwise feasible solutions.

2 the first stage, Garfinckel and Nemhauser's algorithm generates all possible single
regions, These are filed, and then the second stage searches for combinations which
allocate each zone exactly once, and therefore constitute feasible aggregations. Both
®ages can be programmed efficiently as branch and bound algorithms. In the political
€istricting application an objective function of optimum compactness was applied to select
¢ single best solution, provided at least one feasible solution was found to exist. The
wiective function can of course be used as a further upper bound on the second stage of
the algorithm.

Wre recent literature in electoral districting has argued that no single objective

fwction is appropriate, and that it is more useful to produce all F(n,m) feasible plans,or
# least a sample of them, so that the final selection can be made using less tangible or
wte complex criteria. A recent paper by Rossiter and Johnston (3), which presents an
algorithm for enumerating all feasible plans, provided much of the motivation for the

. ssearch described here.
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Their algorithm begins by randomly choosing m core zones. In a modification to the basic
method, these can. be selected so that one core is drawn randomly from each of m subsets
identified by the user prior to the analysis. The algorithm then proceeds by randomly
adding contiguous but unassigned zones to the cores until all zones have been allocated.
Upper bounds on population and area can be imposed as the regions are built, but lower
bounds and constraints on shape can be imposed only on completion of all regions. A
similar approach has been described by Mincfardi et al. (4).

A single run of the algorithm may or may not produce a feasible solution, depending on the
constraints. If one is produced, it can be regarded as a random sample from among the
F(n,m) feasible alternatives, but there is no reason to suppose that all F(n,m) are equi-
probable. To be reasonably confident that all F(n,m) have been produced it is necessary to
run the algorithm a very large number of times, checking after each successful run whether
the solution has been found before. However one can never be certain that all solutions
have been found, particularly if the modified form has been used in which cores are drawn
from predefined subsets.

Rossiter and Johnston report considerable computational experience with the algorithm. For
example, 200,000 runs of a districting problem in Sheffied with n = 27, m = 6 and with
upper and lower bounds on population produced 15,937 distinct solutions, the last new
solution occuring in run number 199,001. In total 6,000 cpu seconds were required on an
ICL machine,

The algorithm aﬁmnnwvmm below structures the problem in the form of a combinatorial tree,
and uses a branch and bound method to enumerate all feasible solutions. "As such it can be
guaranteed always to produce all feasible solutions. Furthermore the algorithm becomes
increasingly efficient as the number of feasible alternatives is reduced through the use of
tighter bounds on each reglon's attributes. It relies on a data structure which gives a
more complete description of the boundary network of the n zones than is given by the
adjacency matrix used by Rossiter and Johnston and by Garfinckel and Nemhauser,

ALGORITHM

Consider the boundary network in Figure 1. We assume that all vertices are 3-valent, and
in practice ensure this by pre-processing the boundary network. Any 2-valent vertices are
deleted and the incident edges merged. Any p-valent vertices, p ) 4, are replaced by p
3-valent vertices and p zero-length arcs. The hole produced is given a label which
presents it becoming part of any region. By implication, two zones are adjacent only 1if
they share an edge of the boundary network of non-zero length.

Define the area exterior to the n zones as the outside world, or zone 0, We first select
an edge of the boundary network adjacent to zone 0, and label it the root edge. The zone
which it encloses 1s labelled the root zone, and the vertex reached by traversing the root
edge anticlockwise to the root zone is defined as the root vertex (Figure 1).

Beginning at the root vertex and traversing the root edge, consider all possile circuits in
the boundary network which return to the root vertex, We follow the conventional
definition of a circuit as a continuous path which returns to the origin after visiting
each vertex at most once and traversing each edge at most once. We represent the set of
all possible paths as a tree rooted at the root vertex, and with the root vertex at each
leaf node. The branches of the tree represent the options of turning left and right at
each vertex., The left/right sense can be maintained in drawing the tree, as shown in
Figure 2, where vertex and edge labels are as in Figure 1.

Note that in some cases the tree fails to branch at a vertex, because one option leads to 2
vertex which has already been visited. The tree can also be truncated wherever a turn
would involve traversing an edge with the exterior, zone 0, to the right.

Each leaf node can be labelled with the set of zones enclosed by the circuit, as shown in
Figure 2. These include all zones lying to the right of traversed edges, although in
larger problems a circuit can enclose zones which are not actually adjacent to the circuit
itself.

If regions must be bounded by a single circuit, and if regions may not enclose other
regions, then the set of all circuits enumerated in Figure 2 is the set of all possible
regions containing the root zone. Suppose now that we wish to enumerate all 2-partitions.
The second region 1s defined simply as the set of zones remaining at each leaf of

Figure 2, 1In the case of (1234) there can be no second region as no zones remain, and in
the case of (13) the remaining zones are not contiguous, so we conclude that P(4,2) = 6,
For m > 2, the process is iterated, The remaining zones at each leaf are searched for a
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Figure 1. Boundary Network Showing Root Edge, Root Vertex and
Root Zone.

(1234)

Sample Region 2
Incident at Leaf (14)

€a(23)
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root edge, and the set of all circuits is the set of all possible second regions. This is
{llustrated in Figure 2 in the case of leaf (14). Since (23) leaves no remaining zones for
a third region, the only option for three regioms which includes (14) 1is (14, 2, 3).

Completing the tree shows that P(4,3) = 5.

In enumerating solutions for m regions the algorithm begins by turaing left at each
junction, producing the right-most leaf in Figure 2. Upper bounds can be imposed at each
vertex in the tree and used to bound the search, but lower bounds can be imposed only at
each leaf. Each feasible leaf is immediately used to develop the tree for the second and
subsequent regions: when these have been searched the algorithm backtracks into the first
region's tree. In all cases backtracking is to the first encountered left turn; the search
then proceeds to turn right at that vertex, until all of the first region tree has been

traversed,

The next section describes the data structure used, and this is followed by a discussion of
computational experience.

DATA STRUCTURE

The algorithm clearly requires more than a simple adjacency matrix; the data structure used
is a simplification of one used to represent boundary networks for cartographic purposes.

For the purpose of the data structure each edge has a direction associated with it. This
direction is arbitrary, and results in our case from the process of digitizing. Each edge
is represented by a record, containing eight items, as follows:

1. Zone to the right of the edge.

2. Zone to the left, .

3. Edge reached by traversing in forward direction and turning right,

4. As 3, turning left.

5. Edge reached by traversing in backward direction and turning right.

6. As 5, turning left.

7. Vertex at beginning of edge.

8., Vertex at end of edge.

Vertices, edges and zones are assumed to be numbered with consecutive, positive integers.
For the edge pointers, items 3 through 6 above, the edge number is made positive if the
adjacent edge points in the same direction and negative if it points in the opposite

direction. Table 1 shows the data structure applied to the network in Figure 1I.
TABLE I
Data structure for Figure 1
Top. Top Bottom Bottom
Right Left Right Left Right Left From To
Record Zone Zone Edge Edge Edge Edge Vertex Vertex
1 1 0 3 2 9 7 e a
2 2 0 ~4 5 1 -3 a b
3 1 2 8 I3 -2 1 a c
4 3 2 5 -2 3 -8 c b
5 3 0 6 9 2 4 b f
6 3 4 -8 7 -9 5 f d
7 1 4 1 -9 6 8 a e
8 i 3 7 -6 ~4 3 c d
9 4 0 -7 1 5 -6 £ e

In our implementation the data structure is produced by an interactive digitizing routine.
The operator digitizes each line in the boundary network once, and the routine searches fo
intersections, forms vertices and breaks lines Into edges as the digitizing proceeds. A
pre~processor is then used to adjust the network so that all vertices are 3-valent. The
coordinate data produced by the digitizing is in a second random access file pointed to by
the file of edge records, and is not used by the region-building algorithm or the pre~

processor.
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COMPUTATIONAL EXPERIENCE

Muwnwwmwnumwa has been coded in Fortran for the Digital DEC-

ntly dimensioned to 150 zones and 400

Probivh edges. Tests were mad

_wwmnnM“M:MmoWoMaon. Ontario and are reported in Table II. movCHMnM“=M:Mm- Mwmnnwsm
anada. In those cases where bounds are mroz:mm ovnuaﬁsmmnmnrmmmmwmm M:m

. =m

upper and lower bounds were re
' placed by the maximum
first solution. Successive replacement gave a m»:NwM:MOM“”uacs fth minpopulations of nrm

10 KL10 processor. It is

e fon with minimum population
Table II
Computational experience for n = 21
Rext Population bounds
egio
gions Lower Upper Number of solutions cpe time (seconds)
3 70,000 80,000
, 72
3 71,500 75,500 8 17
3 72,500 74,500 3 10
2 110,257% 110,322% 1 0
4 53,554*% 57,4724 1 ww
Total population: 220,579

*Optimized bounds

The computing times com

pare favourably with those
Mvvm”n Moavmwmvum to those reported by Garfinckel
onstraints In the form of the exclusion r
¢ ules and bounds on sha
nM“MN~MMMMmsmv~< improve performance considerably. However, it WM MMMMuW:n”MMnMsmHnon»nrs
o nmnmnsnwwmmmM“mM“hwmnnww tight that the number of feasible regions is nmwmnM<me small
applications. Both methods are ca ralL e e iael for some

pable of enumerating all f H

relative efficiencies must depend on the specific mmnmawm ommeMWWM=mMWMMWM“m. their

given by Rossiter and Johnston.
and Nemhauser, although additional

»

CONCLUSIONS

Hnmnma:»umm a data structure which
and uses a set of simple rules to
an arbitrarily chosen root edge and root

4W@ efficiency of the algorithm depends on the bounds and
”nnmawm M:o combinatorial tree. In the electoral district
e ely to produce a very small gset of feagible
solutions, our
MM”MH”M»0= MM Garfinckel and Nemhauser that n = 40 nmvnmwmsnh w:woMmmxcwwwwowmmumrm
problem which can be handled by branch and bound methods in nmmmoamvumsnw:nMu“”m

constraints applied to limjit the
ing problem where the constraints
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